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a b s t r a c t
Partial metric spaces were introduced by Matthews in 1994 as a part of the study of
denotational semantics of data flow networks. In this article, we prove a generalized
contractionprinciplewith control functionsφ andψ onpartialmetric spaces. The theorems
we prove generalize many previously obtained results. We also give some examples
showing that our theorems are indeed proper extensions.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
The notion of metric space was introduced by Fréchet [1] in 1906. Later, many authors attempted to generalize the
notion ofmetric space such as pseudometric space, quasimetric space, semimetric spaces. In this paper, we consider another
generalization of a metric space, so called partial metric space. This notion was introduced by Matthews (see e.g. [2,3]) to
solve some difficulties in domain theory of computer science.
The concept of the metric space was applied to domain theory problems by Khan [4] in 1974. By using Baire metric,
Khan [4] modeled a parallel computation consisting of a set that sends unending streams of information. Basically, he
modeled a computation program thatwas based on an infinite sequence (for further reading [5–8]), but in computer science,
an infinite sequence corresponding to unterminated programs. This situation was the bad part of the model, in computer
science point of view (for more details see e.g. [9–11]). To solve this problem, the concept of ‘‘non-zero self-distance’’
was suggested by Matthews. This was the basic idea of notion of partial metric space. Recently, on partial metric spaces
a remarkable number of papers have been reported (see e.g. [12–21]).
During the last decades many authors focused on a generalization of Banach contraction mapping principle (see e.g.
[22–25]). After the appearance of partialmetric spaces as a place for distinct researchwork into flowanalysis, non-symmetric
topology and domain theory [2,3], some authors started to generalize this principle to these spaces [21,20,19,18]. In this
manuscript we prove fixed point theorems for a wide general type contractive mappings in partial metric spaces and hence
generalize some previously obtained results such as those in [22–25]. An example is also given to illustrate our results.
A mapping p : X × X → [0,∞) is called partial metric (see e.g. [2,3]) on a nonempty set X if the following conditions
are satisfied:
(P1) p(x, y) = p(y, x) (symmetry)
(P2) If 0 ≤ p(x, x) = p(x, y) = p(y, y) then x = y (equality)
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(P3) p(x, x) ≤ p(x, y) (small self-distances)
(P4) p(x, z)+ p(y, y) ≤ p(x, y)+ p(y, z) (triangularity)
for all x, y, z ∈ X . The pair (X, p) is called a partial metric space (PMS).
For a partial metric p on X , the function dp : X × X → [0,∞) given by
dp(x, y) = 2p(x, y)− p(x, x)− p(y, y) (1)
is a (usual) metric on X . Each partial metric p on X generates a T0 topology τp on X with a base of the family of open p-balls
{Bp(x, ε) : x ∈ X, ε > 0}, where Bp(x, ε) = {y ∈ X : p(x, y) < p(x, x)+ ε} for all x ∈ X and ε > 0.
Example 1 (See [2]). Let X = {[a, b] : a, b,∈ R, a ≤ b} and define p([a, b], [c, d]) = max{b, d} −min{a, c}. Then (X, p) is
a partial metric spaces.
Example 2 (See [2]). Let X := [0, 1] ∪ [2, 3] and define p : X × X → [0,∞) by
p(x, y) =

max{x, y} if {x, y} ∩ [2, 3] ≠ ∅,
|x− y| if {x, y} ⊂ [0, 1].
Then (X, p) is a complete partial metric space.
Definition 3 (See e.g. [2,3,18]).
(i) A sequence {xn} in a PMS (X, p) converges to x ∈ X if and only if p(x, x) = limn→∞ p(x, xn),
(ii) A sequence {xn} in a PMS (X, p) is called a Cauchy if and only if limn,m→∞ p(xn, xm) exists (and finite),
(iii) A PMS (X, p) is said to be complete if every Cauchy sequence {xn} in X converges, with respect to τp, to a point x ∈ X
such that p(x, x) = limn,m→∞ p(xn, xm).
(iv) A mapping f : X → X is said to be continuous at x0 ∈ X , if for every ε > 0, there exists δ > 0 such that
f (Bp(x0, δ)) ⊂ Bp(f (x0), ε).
Lemma 4 (See e.g. [2,3,18]).
(A) A sequence {xn} is Cauchy in a PMS (X, p) if and only if {xn} is Cauchy in a metric space (X, dp),
(B) A PMS (X, p) is complete if and only if the metric space (X, dp) is complete. Moreover,
lim
n→∞ dp(x, xn) = 0⇔ p(x, x) = limn→∞ p(x, xn) = limn,m→∞ p(xn, xm). (2)
Lemma 5 (See also [13,17]). Assume xn → z as n →∞ in a PMS (X, p) such that p(z, z) = 0. Then limn→∞ p(xn, y) = p(z, y)
for every y ∈ X.
2. Main results
Theorem 6. Let (X, p) be a complete partial metric space and let T : X → X be a self-mapping satisfying the inequality
ψ(p(Tx, Ty)) ≤ ψ(p(x, y))− φ(p(x, y)), (3)
where ψ, φ : [0,∞)→ [0,∞) are both continuous and monotone nondecreasing functions with ψ(t) = φ(t) = 0 if and only
if t = 0. Then T has a unique fixed point.
Proof. Fix x0 ∈ X and construct the sequence {xn} by xn = Txn−1, n = 1, 2, 3, . . . . Substituting x = xn−1 and y = xn in (3),
we obtain
ψ(p(xn, xn+1)) ≤ ψ(p(xn−1, xn))− φ(p(xn−1, xn)). (4)
Together with that ψ is nondecreasing implies that the sequence {p(xn, xn+1)} is monotone decreasing and hence there
exists an r ≥ 0 such that
p(xn, xn+1)→ r as n →∞. (5)
Letting n →∞ in (4) and using the continuity of ψ and φ, we obtain
ψ(r) ≤ ψ(r)− φ(r), (6)
which is a contradiction unless r = 0. Hence,
p(xn, xn+1)→ 0 as n →∞. (7)
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In a similar way to what we have done above we are able to show that
p(xm, xm) ↓ 0 asm →∞, (8)
as well.
We next prove that {xn} is Cauchy in the metric space (X, dp). Assume {xn} is not Cauchy. Then there exists some ϵ > 0
for which we can find subsequences {xm(k)} and {xn(k)} of {xn}with n(k) > m(k) > k such that
dp(xm(k), xn(k)) ≥ ϵ. (9)
Further, corresponding to m(k), we can choose n(k) in such a way that it is the smallest integer with n(k) > m(k) and
satisfying (9). Hence,
dp(xm(k), xn(k)−1) < ϵ. (10)
Then we have
ϵ ≤ dp(xm(k), xn(k)) ≤ dp(xm(k), xn(k)−1)+ dp(xn(k)−1, xn(k)) < ϵ + dp(xn(k)−1, xn(k)). (11)
Letting k →∞, noting that
dp(xn(k)−1, xn(k)) = 2p(xn(k)−1, xn(k))− p(xn(k)−1, xn(k)−1)− p(xn(k), xn(k))
and by the help of (7) and (8) we conclude that
lim
k→∞ dp(xm(k), xn(k)) = 2 limk→∞ p(xm(k), xn(k)) = ϵ. (12)
Again,
dp(xn(k), xm(k)) ≤ dp(xn(k), xn(k)−1)+ dp(xn(k)−1, xm(k)−1)+ dp(xm(k)−1, xm(k)), (13)
dp(xn(k)−1, xm(k)−1) ≤ dp(xn(k)−1, xn(k))+ dp(xn(k), xm(k))+ dp(xm(k), xm(k)−1). (14)
Letting k →∞ in the above inequalities (13) and (14) and making use of (7), (8) and (12), we obtain
lim
k→∞ dp(xn(k)−1, xm(k)−1) = 2 limk→∞ p(xn(k)−1, xm(k)−1) = ϵ. (15)
Setting x = xm(k)−1 and y = xn(k)−1 in (3) then using (9) and (15), we obtain
ψ
ϵ
2

≤ lim
k→∞ψ(ρ(xm(k), xn(k)))
≤ lim
k→∞[ψ(ρ(xm(k)−1, xn(k)−1))− φ(ρ(xm(k)−1, xn(k)−1))] (16)
and hence
ψ
ϵ
2

≤ ψ
ϵ
2

− φ
ϵ
2

(17)
which is a contradiction. Note that we always make use of (8) and the properties of ψ and φ.
The above shows that {xn} must be a Cauchy sequence in the complete metric space (X, dp). Hence, there exists some
z ∈ X such that by (2) and (8) we have
lim
n→∞ dp(xn, z) = 0 if and only if
p(z, z) = lim
n→∞ p(xn, z) = limm,n→∞ p(xn, xm) =
1
2
lim
m,n→∞ dp(xn, xm) = 0. (18)
To show that this z is a fixed point, we need, by means of (P2), to prove that
p(Tz, z) = p(z, z) = p(Tz, Tz) = 0.
From above p(z, z) = 0. By the use of (3) we have
ψ(p(Tz, Tz)) ≤ ψ(p(z, z))− φ(p(z, z)) = ψ(0)− φ(0) = 0 (19)
and hence p(Tz, Tz) = 0.
Also by the use of (3), by substituting x = xn−1 and y = z, we have
ψ(p(xn, Tz)) ≤ ψ(p(xn−1, z))− φ(p(xn−1, z)). (20)
Then letting n → ∞ above and making use of Lemma 5 and continuity of the functions φ and ψ we conclude that
p(z, Tz) = 0.
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Finally, to prove that the fixed point z is unique, let us suppose that w is another fixed point for T . Putting x = z and
y = w in (3),
ψ(p(z, w)) = ψ(p(Tz, Tw)) ≤ ψ(p(z, w))− φ(p(z, w))
and hence p(z, w) = 0. In a similar way we also show that p(z, z) = 0 and p(w,w) = 0, or by (P3) since p(z, z) ≤ p(z, w)
and p(w,w) ≤ p(z, w). Thus z = w. 
Remark 7. (1) If in particularwe takeφ(t) = (1−k)ψ(t)where 0 < k < 1, thenweobtain the partialmetric generalization
of the result in [23].
(2) If in particular we takeψ(t) = t , then we obtain the partial metric generalization for the weakly contractive fixed point
theorem in [24].
The following example shows that our Theorem 6 is a real generalization from metric space to partial metric space.
Example 8. Let X = [0,∞) and p(x, y) = max{x, y}. Then (X, p) is a complete partial metric space. Take ψ(t) = t and
φ(t) = tt+1 . Define T : X → X by Tx = x
2
x+1 . Then clearly T satisfies the condition (3) and the rest of assumptions of
Theorem 6 are also satisfied. Actually, if x ≥ y ≥ 0 then
p(Tx, Ty) = x
2
x+ 1 = p(x, y)− φ(p(x, y)).
The function T has 0 as a unique fixed point. However, (3) is not satisfied when the partial metric p by the usual metric d.
Indeed, take x = 2, y = 2.5, then
d(Tx, Ty) = 19
42
and d(x, y)− φ(d(x, y)) = 1
6
.
Hence, (3) is not satisfied.
The authors in [25] gave an example showing that Theorem 6 and the main result in [25] are real generalizations to that
in [23].
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